Abstract Extreme and large-scale warming events in the ocean have been dubbed marine heatwaves, and these have been documented in both the Northern and Southern Hemispheres. This paper examines the intensity, duration, and frequency of positive sea surface temperature anomalies in the North Atlantic and North Pacific Oceans over the period 1950-2014 using an objective definition for marine heatwaves based on their probability of occurrence. Small-area anomalies occur more frequently than large-area anomalies, and this relationship can be characterized by a power law distribution. The relative frequency of large-versus small-area anomalies, represented by the power law slope parameter, is modulated by basin-scale modes of natural climate variability and anthropogenic warming. Findings suggest that the probability of marine heatwaves is a trade-off between size, intensity, and duration and that region specific variability modulates the frequency of these events.
Introduction
Heatwaves on land are becoming more frequent, intense, and persistent due to anthropogenic climate change, and these events have had major impacts on human health and economic productivity [Meehl and Tebaldi, 2004; Stott et al., 2004; Trenberth et al., 2007] . A similar phenomenon in the ocean has recently been identified and is associated with adverse consequences to both fishery productivity and marine ecosystems [Pearce et al., 2011; Mills et al., 2013] . These events have been referred to as marine heatwaves and have been described as regions of large-scale and persistent positive sea surface temperature (SST) anomalies [Pearce et al., 2011] . Well-known marine heatwaves have occurred in the Mediterranean Sea [Black et al., 2004; Olita et al., 2007] , off Western Australia [Pearce and Feng, 2013] , in the northwest Atlantic [Mills et al., 2013; Chen et al., 2014 Chen et al., , 2015 , and in the northeast Pacific [Bond et al., 2015; Hartmann, 2015] . Like heatwaves on land, marine heatwaves are likely to become more frequent and intense under continued anthropogenic warming assuming fixed temperature thresholds [Solomon et al., 2007] . However, if temperature fluctuations are examined about the mean warming trend, marine heatwaves occur as spatially and temporally isolated extreme events. This reasoning suggests a level of stochasticity in the likelihood of heatwaves akin to analogous atmospheric phenomena [e.g., Hunt, 2007; Teng et al., 2013] .
To the first order, stochastic atmospheric forcing modulates the properties of SST anomalies over middle and high latitudes [Frankignoul and Hasselmann, 1977] . White-noise variability from the atmosphere produces temperature anomalies in the ocean mixed layer with a redder spectrum (e.g., more variability at larger space and time scales). This view of SST anomalies can be expanded to include stochastic forcing from oceanic flows (e.g., Ekman transport) [Frankignoul and Reynolds, 1983] . These stochastic processes, along with phenomena such as El Niño that have deterministic components, interact over time to generate modes of interannual-to-multidecadal variability. The most influential large-scale modes of SST and atmospheric variability in the Northern Hemisphere are the North Atlantic Oscillation (NAO), Atlantic Multidecadal Oscillation (AMO), El Niño-Southern Oscillation (ENSO), and Pacific Decadal Oscillation (PDO). These modes are associated with changes in SSTs at interannual time scales (e.g., NAO and ENSO), as well as at time scales of decades and longer (e.g., AMO and PDO).
historical context. The objectives of this study are to (1) develop a definition for marine heatwaves that is useful in fitting a statistical distribution to the spatial frequency of anomaly areas, (2) examine the trade-offs between intensity and duration in event probability, (3) identify associations between marine heatwave frequency and modes of natural SST variability, and (4) document how the frequency of marine heatwaves has changed with respect to anthropogenic warming. We use 65 years of reconstructed SST data in the Northern Hemisphere where two case study heatwaves have occurred, the 2012 northwest Atlantic [Mills et al., 2013 [Mills et al., ] and 2013 [Mills et al., -2014 northeast Pacific marine heatwaves [Bond et al., 2015] . These ocean regions are climatically important, as they are influenced by slow-varying modes of intrinsic climate variability [Deser et al., 2010; Hartmann, 2015] .
Data and Methods
We use monthly 2°× 2°resolution gridded SST over the period 1950-2014 from the National Oceanic and Atmospheric Administration's extended reconstructed SST version 3b (ERSSTv3b) data set [Xue et al., 2003; Smith et al., 2008] . Spatial and temporal data sampling in ERSSTv3b has adequate coverage in the North Atlantic and North Pacific regions after 1950 [Deser et al., 2010] . We remove the seasonal cycle and derive anomalies by subtracting the climatological monthly mean at individual grid points. We then compute the least squares fit of SST anomalies between 1950 and 2014 and subtract the linear trend at each grid point. The space domain for the analysis is 20°-70°N in the North Atlantic and 20°-65°N in the North Pacific where the NAO, AMO, and PDO spatial loadings are well defined respectively (see map boxes in Figure 1 ). The North Pacific study domain is further subdivided at 150°W and is referenced hereafter as the eastern and western North Pacific. This division separates regions that consistently have opposite anomaly signs associated with the loading pattern of the PDO.
Given a map of SST anomalies, we identify discrete warming events by mapping contours (using MATLAB's contour function) of a particular anomaly threshold level. The default threshold is 1 standard deviation (σ) above the regional mean (σ = 0.63°C western North Pacific, 0.69°C eastern North Pacific, and 0.55°C North Atlantic). This threshold classification emphasizes variability between study regions, and defining anomalies this way creates a data set of anomaly areas for the North Atlantic, eastern North Pacific, and western North Pacific. The distribution of anomaly areas in each region is heavy tailed (Figure 1 ), meaning that small-area anomalies occur more frequently than large-area anomalies. This suggests that the frequency of the empirical anomaly data, x, may be drawn from the power law distribution,
where α is a scaling parameter and C is a normalizing constant [Clauset et al., 2009] . The rate at which the probability of marine heatwaves decays with increasing area is controlled by α, which we refer to as the slope 
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of the anomaly size distribution. A large slope (α = 0.6) indicates fewer large anomalies occurring; in contrast, a small slope (α = 0.3) infers a greater frequency of large-area anomalies. Power laws are commonly used to describe the magnitudes of many physically varying phenomena including earthquakes [Schorlemmer et al., 2005] , flood frequencies [Smith, 1991] , wave heights [Burroughs and Tebbens, 2005] , solar flares [Crosby et al., 1993] , and lunar craters [Neukum and Ivanov, 1994] . Describing SST anomalies in this manner provides a meaningful way to characterize the frequency of marine heatwaves [e.g., Panorska et al., 2007] .
Phenomena that lead to power law distributions are often most apparent when observations x are greater than some minimum x min (i.e., toward the heavy side of the distribution). The power law distribution has a normalized probability density p(x) such that,
We approximate α and x min in the probability density function equation (2) in order to fit a power law to the distribution of anomaly areas. Assuming some initial arbitrary x min , the method of maximum likelihood estimation (MLE) allows us to approximate a value for α that is most likely to have generated the observed set of anomaly observations above x min . We use the derivation of the MLE under this framework from Newman [2005] .
When the number of observations is sufficiently large, the MLE α is a good approximation of the true α. However, the approximation for α is only good if we know the value for x min , or in other words, if we know the lower limit for where the power law is obeyed. We obtain an unbiased approximate for x min using a Kolmogorov-Smirnov (K-S) minimization technique developed by Clauset et al. [2009] . This procedure tests every unique data value as a possible x min , truncates the data above this value, and computes the empirical and theoretical complementary cumulative distribution functions (CCDFs). The K-S statistic (D KS ) quantifies the maximum distance between the CCDF of the empirical data and the fitted theoretical power law model. We use a Lilliefors corrected K-S test since the parameters of the empirical distribution have been fit using the same data [Wilks, 2011] . Lilliefors correction has the same D KS test statistic as the regular K-S test, except the empirical distribution is fit with unknown parameters so that it makes no underlying assumptions about the true distribution (see supporting information). The CCDF is simply one minus the PDF integrated from x to infinity, which gives the exceedance probability such that,
The CCDF in equation (3) describes the probability of observing an anomaly area X at least as extreme as the x anomaly area observed. Using the likelihood equation and Lilliefors corrected K-S test, we fit a power law distribution to the frequency of anomaly areas using approximated α and x min parameters. To test whether the power law with the chosen parameters is a good fit to the data, we use the semiparametric bootstrapping technique described in Clauset et al. [2009] to generate 2500 sets of synthetic power law data using the fitted α and x min parameters. With the Lilliefors corrected K-S test again, we measure the distance each synthetic distribution deviates from the true power law model. We use a goodness-of-fit test that generates a p value statistic (P KS ) defined by the fraction of simulations where the synthetic D KS is greater or equal to the empirical D KS [Clauset et al., 2009] . If P KS is large or close to 1, this means that the separation between the empirical distribution and the power law model are caused by statistical noise alone and that the model is a good fit to the empirical data. If P KS is ≤ 0.1, there is at most a 1 in 10 probability of fitting a poor model to the data.
We expect that the power law parameters will be sensitive to the SST threshold values used to define an anomaly. We also expect that the frequency of anomalies above a certain size will change with different averaging periods. To examine how the anomaly size distribution changes as a function of intensity (i.e., threshold value) and duration (i.e. averaging period), we develop intensity-duration-frequency (IDF) plots for each region. IDF plots are a technique originally used by hydrologists for summarizing rainfall event probabilities [Chow et al., 1988; Koutsoyiannis et al., 1998 ]. We develop IDF plots by computing a single slope parameter α from all monthly SST anomaly areas between the period 1950 and 2014 using various temperature thresholds (intensity) and averaging intervals (duration). This produces a matrix of power law slope values for each intensity-duration combination. The slope values are used in the CCDF equation (3) The slope of the power law distribution can also be derived from the subset of anomalies co-occurring with the positive and negative phases of the PDO, ENSO, AMO, and NAO. Positive and negative phases are defined as the upper and lower third of the climate indices. We calculate the power law slope parameter by fitting the distribution to the subset of anomalies corresponding to the positive and negative phases of climate indices in each region.
Results
The areal extent of SST anomalies follows a power law distribution in the North Atlantic and North Pacific, and the empirical distribution of anomaly data resembles the theoretical power law model (Figure 1 ). The P KS statistic of the goodness-of-fit test is greater than 0.1 in all three regions (P KS = 0.95 western North Pacific, 0.79 eastern North Pacific, and 0.22 North Atlantic), which supports the hypothesis that these data come from a power law distribution. Differences in the CCDFs between regions suggest that the power law parameters may vary by location. The North Atlantic power law distribution of detrended SST anomalies has a smaller minimum area (x min = 6.13 × 10 6 km 2 ) compared to both the eastern and western North Pacific regions, while the western North Pacific has the largest minimum area in the anomaly power law distribution (x min = 8.82 × 10 6 km 2 ). The two North Pacific CCDFs are both constrained by relatively large anomaly areas of similar magnitude. This suggests that the power law distribution in these regions experience larger anomalies than in the North Atlantic. This is not likely due to the overall size of each region, as the North Atlantic is larger comparatively. Instead, it may be related to the underlying physical drivers of the distribution. January 2014 this event had a mean SST anomaly of 1.5°C and a local maximum of 2.8°C. The Pacific anomaly was spatially larger and lasted longer than the Atlantic heatwave, but it was less intense.
To understand how temperature covaries with the duration of marine heatwaves, we use intensity-durationfrequency (IDF) relationships for a 7.60 × 10 6 km 2 or larger marine heatwave (>25% of the North Atlantic study area). The overall pattern of the IDF plots is similar between regions, with probability diminishing rapidly with temperature intensity and gradually with anomaly duration (Figure 2 ). In general, the probability Figure 2 . Intensity, duration, and frequency as percent probability for a 7.60 × 10 6 km 2 or larger anomaly (25% of the North Atlantic study area) in the (a) western North Pacific, (b) eastern North Pacific, and (c) North Atlantic defined by solid black boxes in Figure 1 . The probability is given by the complementary cumulative distribution of anomaly areas with a calculated slope based on the detrended 1950-2014 set of positive SST observations. Red colors indicate events that are more probable than yellow.
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of marine heatwaves is highest (26-28%) for low-intensity thresholds (0.5°C) and short-lived events (<5 months). As the intensity of an event increases, the probability declines, falling to less than 14% for a 3°C anomaly. According to this analysis, a 3°C marine heatwave persisting for longer than 5 months has not been observed since at least 1950.
In general, probability declines with increasing duration; however, there is an exception that occurs in the western North Pacific centered around 9 to 11 months and 1.4 to 2.1°C (Figure 2a) . This feature appears as a node of increased probability surrounded by lower probability and is consistent with the reemergence hypothesis of SST anomalies [Alexander et al., 1999] . This hypothesis states that winter SST anomalies stored within the seasonal thermocline during the summer reappear the following winter. The IDF curves suggest that SST reemergence may be an important component in the frequency of marine heatwaves on annualto-interannual time scales and is most pronounced in the western North Pacific (See Text S2 and Figure S2 in the supporting information for further discussion).
Based on the IDF analysis, heatwave events with the intensity and duration of the 2012 northwest Atlantic heatwave (1.10°C and 3 months) have less than a 20% probability of occurring in the North Atlantic, 24% in the eastern North Pacific, and 20% in the western North Pacific (Figure 2 ). These statistics imply that marine heatwaves of this magnitude should naturally occur approximately once every 5 years or less.
SST anomalies are often connected through intrinsic modes of SST variability in each basin. We expect that these variations would alter the frequency distribution of positive SST anomaly areas. The slope of the power law distribution in the eastern North Pacific is small (α = 0.34) during the positive phase of the PDO and large (α = 0.60) during the negative phase. In the western North Pacific, the positive phase of the PDO coincides with a large power law slope (α = 0.52), and the negative phase of the PDO is associated with a small power law slope (α = 0.40) (Figures 3a and 3b) . The power law distribution of anomaly area flattens when the slope is 
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small and increases the probability of a large area positive SST anomaly that is characteristic of a marine heatwave. On interannual time scales, the PDO can be described as a long-lived ENSO-like pattern of SST variability that alternates between warm and cold states. The dipole Pacific SST response to alternating El Niño and La Niña states is also noticeable from changes in the power law slope (Figures 3a and 3b) . During El Niño, the eastern North Pacific has a greater frequency of marine heatwaves (α = 0.38) compared to the western North Pacific (α = 0.50). This relationship is reversed for La Niña events where the western North Pacific has a greater frequency of marine heatwaves (α = 0.40) than the eastern North Pacific (α = 0.58).
Similar relationships between intrinsic climate modes and the frequency of marine heatwaves can be diagnosed in the North Atlantic. Here the size-frequency distribution of positive SST anomalies changes with respect to the AMO and NAO. The power law distribution flattens during the positive phase of the AMO (α = 0.37) when basin-wide temperatures are warmer than average. During the cool phase of the AMO the distribution of anomalies tightens (α = 0.45), and large positive SST anomalies are less prevalent. Variability in the anomaly size distribution during phase changes of the NAO is not as pronounced. Small changes in the power law slope during the negative NAO phase are associated with frequent large positive SST anomalies (α = 0.42) compared to the positive NAO phase (α = 0.46). The AMO is more dominate than the NAO in modulating the size frequency of positive SST anomalies in the North Atlantic; however, the superimposed contributions of both phenomena may play an important role in influencing marine heatwave probability.
Our analysis was conducted on detrended data, effectively removing the signal of anthropogenic warming. Defining anomalies this way is appropriate for examining the underlying probability distribution; however, absolute temperatures have significant impacts on ecological conditions. If anomalies are defined relative to a fixed monthly long-term average and contoured above 1 standard deviation for each region, we expect that large area positive anomalies will occur more frequently in the 21st century. This relationship is complicated, perhaps due to the persistent memory and large heat capacity of the ocean. The slope of the power law distribution for positive SST anomaly areas is computed for each 13 year period between 1950 and 2014 (Figures 3d-3f ). The spread of the distribution slopes range from α = 0.37 to 0.51. Recall that α = 0.37 suggests that large-area positive anomalies are more frequent than a distribution with α = 0.51. During 1976-1998, the eastern North Pacific has a slope value much less than the western North Pacific and Atlantic. This is likely due to the 1982-1983 El Niño. Similarly, for the period 1989-2001, the anomalous 1997-1998 El Niño likely influenced the occurrence of very large anomalies in the eastern North Pacific, a relationship previous described in Figures 3a and 3b . A possible decline in α is most noticeable after 1976 in the North Atlantic and western North Pacific (Figures 3d and 3f) , coincident with when the rate of mean global warming began to accelerate [Meehl et al., 2009] .
Conclusion
We show that the frequency of marine heatwaves is a trade-off between size, intensity, and duration, and this can be best described by a power law distribution. Not surprisingly, small-area anomalies occur more frequently than large-area anomalies, and this is likely due to the dampening effects of the atmosphere and ocean mixing processes. If we define a marine heatwave similar to the 2012 northwest Atlantic event (3 months, 7.60 × 10 6 km 2 and 1.10°C (2σ) above the 1950-2014 climatology), then we can quantify the statistical properties of these events. We find that marine heatwaves have a probability of 20% in the western North Pacific, 24% in the eastern North Pacific, and 20% in the North Atlantic. These statistics imply that marine heatwaves on par with the 2012 northwest Atlantic event should naturally occur once every 5 years or less. However, the intensity and duration of marine heatwaves are also modulated by modes of intrinsic climate variability that oscillate on interannual-to-multidecadal time scales.
In the North Pacific the PDO is the leading mode of SST variability with anomalies of opposite sign in the central-western North Pacific compared to those in the east [Mantua et al., 1997] . The PDO dominates the size variability of SST anomalies in the North Pacific and its east-west dipole structure in SST pattern increases marine heatwave probability during the positive phase in the eastern North Pacific and during the negative phase in the western North Pacific. The PDO is not necessarily a distinct phenomenon but rather influenced in the eastern Pacific by an extratropical atmospheric response due to ENSO (e.g., atmospheric bridge) [Alexander et al., 2002] . Consistent with this linkage, we find that ENSO has a dominant influence on marine heatwaves in the eastern North Pacific during El Niño and in the western North Pacific during La Niña.
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In the North Atlantic, the AMO is a coherent large-scale pattern of SST variability with a nonrandom multidecadal time scale [Folland et al., 1984; Kushnir, 1994; Schlesinger and Ramankutty, 1994; Kerr, 2000] . The AMO has been in a positive phase since the middle 1990s and is associated with positive SST anomalies in the North Atlantic [Deser et al., 2010] . Persistent SST patterns in the North Atlantic are also associated with the NAO and have been well documented [Czaja and Frankignoul, 2002; Marshall et al., 2001; Visbeck et al., 2003] . Weak anomalies in SST generated by the NAO are induced via atmospheric forcing on monthly and seasonal time scales through air-sea heat fluxes and wind-driven Ekman transport [Battisti et al., 1995; Deser and Timlin, 1997; Hurrell and Deser, 2009] . Prolonged negative NAO forcing may induce basin-wide SST anomalies and increase the likelihood of marine heatwaves occurring. The NAO is not significantly correlated with the AMO, and we show that the AMO is the dominant modulator of Atlantic SSTs. The 2012 northwest Atlantic marine heatwave began with strong positive NAO conditions in late 2011 [Chen et al., 2014] . Positive AMO conditions persisted throughout the year, likely increasing the likelihood of a marine heatwave in the northwest Atlantic during 2012.
We have demonstrated that the size variance of extratropical positive SST anomalies can be well represented by the power law distribution. On interannual-to-multidecadal time scales, intrinsic climate variability influences the size-frequency patterns of marine heatwaves in the North Atlantic and North Pacific. When the long-term warming trend is removed from SSTs, random weather-like processes that change ocean temperatures within the mixed layer influence the size-frequency of marine heatwaves over time. This emphasizes the unpredictable nature of marine heatwaves, which makes them intrinsically difficult to forecast with significant lead-time. Unlike marine heatwaves, modes of natural SST variability have been well studied, and our ability to forecast these oscillations has become more skillful [e.g., Mochizuki et al., 2010; Kim et al., 2012] . Understanding the natural drivers of marine heatwaves may increase our ability to assess the likelihood of these events occurring in the future, when long-term warming will become more conducive to more frequent and longer-lasting events.
The spatial and temporal scales of marine heatwaves are significant sources of variability in the ocean and are newly emerging areas of research. Power laws are commonly used to describe many natural extreme phenomena, and we have tested and applied these concepts to SST anomalies.
